Extended BRS symmetry in topological field theories by Valtancoli, P.
ar
X
iv
:0
80
4.
29
61
v1
  [
he
p-
th]
  1
8 A
pr
 20
08
DFF 1/3/08
Extended BRS symmetry in topological field theories
P. Valtancoli
Dipartimento di Fisica, Polo Scientifico Universita´ di Firenze
and INFN, Sezione di Firenze (Italy)
Via G. Sansone 1, 50019 Sesto Fiorentino, Italy
Abstract
A class of topological field theories like the BF model and Chern-Simons theory,
when quantized in the Landau gauge, enjoys the property of invariance under a vector
supersymmetry, which is responsible for their finiteness. We introduce a new type of
gauge fixing which makes these theories invariant under an extended BRS symmetry,
containing a new type of field, the ghost of diffeomorphisms. The presence of such an
extension is naturally related to the vector supersymmetry discussed before.
1 Introduction
The BF model like the Chern-Simons theory are classically a class of topological models of
Schwarz type [1]. Their topological nature [2]-[3] is ensured by the property of invariance
not only under the BRS symmetry but also under a vector supersymmetry [4] making these
models finite [5]-[6]-[7].
Such way of thinking doesn’t take into account all the classical symmetries enjoyed by
these models, like the invariance under diffeomorphisms, that the BRS quantization breaks
in an explicit way. We have searched for another type ( non-standard ) of BRS quantization
which can take into account the classical diffeomorphisms. We are going to show in this
letter that it is possible to quantize the classical model with a new type of gauge fixing such
that the quantum action is invariant under an extended BRS symmetry, obtained as a sum
of the standard piece due to gauge invariance and another one due to the diffeomorphisms.
2 The classical BF model
The action of the BF model in two dimensions is given by
Sinv(A, φ) = −
1
2
Tr
∫
d2x ǫµνFµν φ (2.1)
where ǫµν is the completely antisymmetric tensor, Fµν = F
a
µνT
a = ∂µAν−∂νAµ−i[Aµ, Aν ]
is the field strength Aµ(x) = A
a
µ(x)T
a and φ(x) = φa(x)T a are respectively the gauge field
and the scalar field, both belonging to the adjoint representation of the gauge group.
The action (2.1) is classically invariant :
-i) under the gauge transformations, whose infinitesimal parameter is Λ(x) = Λa(x)T a
δgAµ = DµΛ = ∂µΛ− i[Aµ,Λ]
δgφ = −i[φ,Λ] (2.2)
-ii) under the classical diffeomorphims with ξµ(x) as an infinitesimal parameter
δξAµ = ξ
ν∂νAµ + (∂µξ
ν)Aν
δgφ = ξ
ν∂νφ (2.3)
1
Usually the quantization of the model is obtained with the introduction of quantum
fields ( ca(x), ca(x), ba(x) ) playing the role respectively of ghost, antighost and Lagrange
multiplier.
In terms of those fields the gauge fixing reads in the Landau gauge:
Sgh =
∫
d2x
(
ba∂µAaµ − c
a∂µ(Dµc)
a
)
(2.4)
The usual gauge transformations are no more a symmetry of the gauge fixed quantum
action S = Sinv(A, φ) + Sgf (A, c, c, b), which is however invariant under the BRS transfor-
mations:
scAµ = Dµc
scφ = −i[φ, c]
scc = ic
2
scc = b
scb = 0 (2.5)
The BRS operator sc is characterized by two fundamental properties:
- i) being nilpotent s2c = 0
- ii) being a symmetry of the quantum action
scS = sc(Sinv + Sgf ) = 0 (2.6)
The last property (2.6) is easily verified once that it is noticed that the gauge fixing Sgf
is sc-exact:
Sgf(b, c, c, A) = sc
∫
d2x ca∂µAaµ (2.7)
The topological action Sinv doesn’t depend from the metric of the space-time gµν . In other
words, only the gauge fixing term of the action gives contribution to the energy-momentum
tensor, which is therefore an exact BRS cocycle:
Tµν =
∂S
gµν
= sc Λµν (2.8)
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The non trivial observation that both Tµν and Λµν are conserved is the signal of an
additional symmetry of the action. The conservation law
∂νΛµν = contact terms (2.9)
once integrated represents directly the Ward identity of the vector supersymmetry:
δµAν = 0
δµφ = ǫµν∂
νc
δµc = −Aµ
δµc = 0
δµb = ∂µc (2.10)
The existence of such linear vector symmetry is peculiar to the topological field theories.
It satisfies the following on-shell algebra:
s2c = 0
{δµ, δν} = 0
{δµ, sc} = ∂µ (2.11)
Our point of view is observing that the classical action (2.1) is invariant under infinitesi-
mal diffeomorphisms and that such invariance is ruined by the presence of the gauge fixing.
We have searched to modify the gauge fixing in order to incorporate such an invariance
at a quantum level. The answer turned out to be positive introducing an additional BRS
operator for the diffeomorphisms [8] :
sξξ
µ = ξν∂νξ
µ
sξφ = ξ
ν∂νφ
sξAµ = ξ
ν∂νAµ + (∂µξ
ν)Aν (2.12)
with ξµ(x) a new field which we call ghost for the diffeomorphisms, that shall be treated
as an anticommuting variable. Such BRS operator sξ enjoys the property of nilpotency:
3
s2ξ = 0 ↔ {ξ
µ, ξν} = 0 (2.13)
It remains to redefine the quantum action
S˜ = Sinv(A, φ) + S˜gf(A, b, c, c, ξ) (2.14)
in order that it is totally BRS invariant. In order to reach such aim we define the new
gauge fixing as :
S˜gf(A, b, c, c, ξ) = s
∫
d2x ca∂µAaµ
s = sc + sξ (2.15)
where s = sc+ sξ is the total BRS operator. The modified action (2.15) is still invariant
under the vector supersymmetry (2.10).
Having defined the action of sξ under the gauge ghost as:
sξc = ξ
µ∂µc
sξAµ = ξ
ν∂νAµ + (∂µξ
ν)Aν (2.16)
it is not difficult to isolate the contribution to the quantum action due to the ghost of
diffeomorphisms
Sξ =
∫
d2x ξν [ ∂νc ∂
µAµ + ∂µc (∂µAν − ∂νAµ) + ∂µ∂µc Aν ] =
=
∫
d2x ξν δν L(A, φ, b, c, c) S =
∫
d2x L (2.17)
We believe that it is not a coincidence that this contribution is proportional to the
variation of the Lagrangian under the vector supersymmetry already met before ( eq. (2.10)),
with the ghost of diffeomorphisms playing the role of Lagrange multiplier.
3 Chern-Simons action
The Chern-Simons theory, once quantized in the usual manner in the Landau gauge, leads
to the following action [9] :
4
S = Sinv(A) + Sgf(A, c, c, b) =∫
d3x Tr
[
−
1
2
ǫµνρ(Aµ∂νAρ +
1
3
Aµ[Aν , Aρ]) + b∂µA
µ − c∂µDµc
]
(3.1)
and the associated BRS transformations take the following form
s1cAµ = Dµc
s1cc = c
2
s1cc = b
s1cb = 0 (3.2)
The topological nature of this theory is ensured by an additional vector supersymmetry
δ1ρAµ = ǫµρν∂
νc
δ1ρc = 0
δ1ρc = Aρ
δ1ρb = Dρc (3.3)
It has been noticed in [9] that this theory admits another anti-BRS symmetry, obtained
by replacing the fields in this way
Aµ → Aµ, c→ c, c→ −c, b→ b− {c, c} (3.4)
and this extends the BRS − SUSY symmetry to an N = 2 superalgebra. By indicating
the anti-BRS and anti-SUSY transformations with s2c and δ
2
µ, the on-shell algebra takes the
form:
{δiµ, δ
j
ν} = ǫ
ijǫµντ∂
τ {sic, δ
j
µ} = ǫ
ij∂µ (3.5)
Again our trick works by adding to the standard gauge-fixing of the Landau gauge the
contribution of the ghost of diffeomorphisms:
S˜gf(A, b, c, c, ξ) = s
∫
d3x ca∂µAaµ
s = s1c + sξ (3.6)
5
The part of the action containing the ghost of the diffeomorphisms is again strictly related
to the vector supersymmetry of type δ2:
Sξ =
∫
d3x ξµδ2µL(A, b, c, c) S =
∫
d3x L (3.7)
4 Conclusion
We have seen in this letter that topological field theories in the Landau gauge enjoy many
interesting properties. We have found a new choice of the gauge fixing such that the quantum
model is invariant under an extended BRS symmetry including the vector supersymmetry
in a natural way. We hope that our suggestion may help in elaborating further developments
of the quantum properties of these models.
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